We computationally investigate cascaded amplification in a three-level mid-infrared (IR) Pr 3 -doped chalcogenide fiber amplifier. The overlap of the cross-sections in the transitions 3 H 6 → 3 H 5 and 3 H 5 → 3 H 4 enable both transitions to simultaneously amplify a single wavelength in the range between 4.25 μm and 4.55 μm. High gain and low noise are achieved simultaneously if the signal is at 4.5 μm. We show that 45% of pump power that is injected at 2 μm can be shifted to 4.5 μm. The efficiency of using a mid-IR fiber amplifier is higher than what can be achieved by using mid-IR supercontinuum generation, which has been estimated at 25%. This mid-IR fiber amplifier can be used in conjunction with quantum cascade lasers to obtain a tunable, high-power mid-IR source. Mid-infrared (IR) light sources are useful in many applications, such as biosensing, environmental monitoring, homeland security, and medical diagnostics [1] . Quantum cascade lasers are often used as light sources at mid-IR wavelengths [2] [3] [4] [5] . Commercial tunable quantum cascade lasers are available with an average power that is typically in the range of 10-100 mW [6] . In order to obtain higher powers, a mid-IR amplifier is required.
Mid-infrared (IR) light sources are useful in many applications, such as biosensing, environmental monitoring, homeland security, and medical diagnostics [1] . Quantum cascade lasers are often used as light sources at mid-IR wavelengths [2] [3] [4] [5] . Commercial tunable quantum cascade lasers are available with an average power that is typically in the range of 10-100 mW [6] . In order to obtain higher powers, a mid-IR amplifier is required.
In this Letter, we theoretically describe a cascaded amplifier that uses a Pr 3 -doped mid-IR amplifier, along with a pump at 2 μm, to achieve a slope efficiency of 45%. We will show that the threshold power is only 10 mW, so that when the pump power reaches 1-2 W, almost 45% of the pump power will be transferred into the 4-5-μm wavelength range.
For several applications, it is desirable to have a broadband source in the 4-5-μm range [7, 8] . It is possible to use supercontinuum generation to directly transfer pump power from a source in the wavelength range between 2 and 3 μm to the wavelength range between 4 and 5 μm [9] [10] [11] . However, this approach can only transfer about 25% of the input power to the 3-5-μm wavelength range. A higher power source in the 4-5-μm wavelength range will lead to efficient supercontinuum generation, which will produce a broader spectrum [7] .
The approach that we will propose is similar to the approach that has been used in earlier work to make rare-earth-doped fiber lasers and amplifiers [12] [13] [14] . Rare-earth ions Tb 3 , Dy 3 , and Pr 3 possess numerous transitions in the wavelength range from 3-12 μm and can be incorporated into chalcogenide glasses [15] [16] [17] [18] [19] . Theoretical studies showed that a three-level system using a Dy 3 -doped chalcogenide fiber can lase at 3.3 and 4.7 μm [14] . There are two separate lasing wavelengths because the emission spectra of the transition 6 H 13∕2 → 6 H 15∕2 (∼3.3 μm) and the transition 6 H 11∕2 → 6 H 13∕2 (∼4.7 μm) do not overlap. An idler at 3.3 μm is required to depopulate the ions in the excited level to obtain a slope efficiency of 16% in output power at a wavelength of 4.7 μm.
As in prior work [14] , we are proposing to use a three-level system to provide gain. However, we are proposing to use transitions from the highest level (level 3) to the intermediate level (level 2) and from the intermediate level (level 2) to the lowest level (level 1), where the emission cross-sections of the two transitions overlap between 3.7 and 4.7 μm. As a consequence, both transitions can be simultaneously stimulated by a source at 4.5 μm, and the pump energy at 2 μm can be efficiently converted into energy at 4.5 μm. The rare-earth ion Tb 3 , like Dy 3 , does not have overlapping emission cross-sections in the wavelength range of interest; however, the rare-earth ion Pr 3 does have the required overlapping emission cross-sections.
We are thus proposing to use Pr 3 -doped chalcogenide fibers to amplify input light at 4.5 μm through the cascaded, two-transition process that we just described. Figure 1 shows a schematic illustration of the Pr 3 -doped chalcogenide fiber amplifier. In Fig. 2 , the blue solid curve and red dashed curve show, respectively, the emission cross-sections for the transitions 3 H 6 → 3 H 5 (level 3 to level 2) and 3 H 5 → 3 H 4 (level 2 to level 1) in a 1000-ppmw (parts per million by weight) Pr 3 -doped GeAsGaSe (GAGSe) sample [15] [16] [17] . The corresponding absorption cross-sections can be obtained using the McCumber relation [20] [21] [22] . We show the overlap between the two emission cross-sections in gray. Since this process is stimulated by light at 4.5 μm, one excited ion will radiate two photons that are coherent with light from the 4.5-μm source. This process is similar to the "two-for-one" crossrelaxation process in a Tm 3 -doped fiber amplifier, where an excited Tm 3 ion in 3 H 4 (level 3) interacts with a ground state Tm 3 ion in 3 H 6 (level 1) to produce two Tm 3 ions in the 3 F 4 (level 2) laser level [23, 24] . Figure 3 shows the energy diagram of the three lower levels of Pr 3 [15, 16, 25, 26] . The higher levels are not included here because the transitions with the higher levels of 3 F 3 , 3 F 4 , and 1 G 4 to the lower levels do not have a significant cross-section at the signal and pump wavelengths that we consider in this Letter. The rate equation for the three-level system can be written as [14, 27] 
where the subscripts a and e denote absorption and emission respectively, N k is the number of ions in level k, k 1-3, and N is the density of Pr 3 . We obtain the steady-state solution to Eq. (1) by setting dN k ∕d t 0, k 1-3. Homogeneous broadening is used. The number of ions in one level is the same for different wavelengths. The transition probability per unit time between level i and level j that is denoted W ij includes both spontaneous radiative and nonradiative decay [21, 28] . The total spontaneous decay rate of level 3 is W 3 W 32 W 31 . The lifetime of level j is denoted τ j 1∕W j . The branching ratio, β 32 W 32 τ 3 , for the transition from level 3 to level 2 is used to obtain W 32 . Stimulated rates are given by W xij ΣPνσ xij λΓν∕Ahν, where x a or e, Pν is the power, σ xij ν is the cross-section corresponding to the particular transition (a or e) between levels i and j, Γν is the fractional overlap of the mode intensity with the ion-doped core, A is the core area, and Σ indicates the sum over all the frequencies or wavelengths. The gain per unit length for frequency ν is given by
where the third and fourth terms on the right-hand side describe spontaneous emission [21, 29] and fiber loss, respectively. The fiber loss is 1 dB/m [13, 30] . We use a frequency step of Δν 12 GHz in our simulations to resolve the amplified spontaneous emission (ASE) spectrum [29] . We have verified that the spectrum does not change when the frequency resolution is increased. We obtain the fiber parameters for solving Eqs. 1 and 2 from Ref. [15] . The pump emission and absorption crosssections between the levels of 3 H 6 and 3 H 4 are 1.6 × 10 −21 cm 2 and 4.8 × 10 −21 cm 2 . Other parameters are β 32 0.42, τ 3 2.7 ms, and τ 2 12 ms. The ion Pr 3 has a large absorption cross-section at 2 μm, which corresponds to the output spectra of, for example, Tm 3 -or Ho 3 -doped fiber lasers, which have output spectra of 1.8-2.1 μm [23] . In our simulations, we use an input wavelength of 1.95 μm with an input pump power of 10 W [31] [32] [33] . We set the Pr 3 ion density equal to 2 × 10 19 cm −3 , which corresponds to 0.1 wt. % or 1000-ppmw Pr 3 -doped GeAsGaSe (GAGSe) glass fibers [15, 17] . The equivalent atomic percentage of the Pr 3 is 0.055%. The cross-relaxation process is not considered in this Letter because of the low doping concentration [34, 35] . We set the core diameter and numerical aperture equal to 5 μm and 0.3, respectively, which are used to estimate the overlap factor Γν [21] . We simulate backward pumping, which has a higher slope efficiency than does forward pumping [36] . In the backward pumping scheme, the input signal powers are specified at one end of the fiber, and the input powers are specified at the other end. This two-point boundary-value problem is solved iteratively. To obtain convergence, we use a continuation method in which the pump power is gradually raised to its desired value [37] . ASE noise in both directions is included in our model for both the pump and the signal. Figure 4 shows the gain as a function of fiber length at a signal wavelength of 4.5 μm. The maximum gain is 16 dB and 25 dB for an input power of 100 mW and 10 mW, respectively. The input power is assumed to be the power coupled input of the fiber regardless of any anti-reflection strategies. A slightly longer fiber must be used to obtain the maximum gain when the input signal power is reduced. With a fiber length less than 3 m, the fiber is not long enough to provide the maximum gain; with a fiber length greater than 5 m, the propagation losses increase for both the pump and the signal. Figure 5 shows the gain as a function of wavelength. The input signal power is 100 mW, and the fiber length is 3 m. The maximum gain is 16 dB at a wavelength of 4.5 μm. The amplifier gain is more than 10 dB in a broad spectrum of 300 nm between 4.25 μm and 4.55 μm. We also show the signal-to-noise ratio (SNR) in Fig. 5 , which indicates that the maximum SNR occurs at a signal wavelength of 4.5 μm.
To explain the results in Fig. 5 , we plot the output spectrum for input wavelengths of 4.0 μm, 4.5 μm, and 5.0 μm in Fig. 6 . The input signal power and pump power are 100 mW and 10 W, respectively. We use a resolution bandwidth of 2 nm to plot the spectrum. When the input signal is at 5.0 μm, there is no light to depopulate the level 3 H 6 (level 3), so that ASE noise due to the transition from level 3 to level 2 increases. When the input signal is at 4.0 μm, ASE noise due to the transition from level 2 to level 1 increases. However, when the signal is at 4.5 μm, the signal power can depopulate the ions in both level 3 and level 2 and be amplified by both the transition from level 3 to level 2 and the transition from level 2 to level 1. At the same time, ASE noise is suppressed.
We use slope efficiency to characterize how much of the pump power is converted to signal power [27] . Figure 7 shows the output signal power as a function of input pump power, which corresponds to a slope efficiency of around 45%. The input signal wavelength is 4.5 μm, and the input signal power is 100 mW. The inset shows the input pump power between 0 and 0.1 W, which indicates a threshold power of 10 mW. Figure 8 shows the slope efficiency when the input wavelength varies from 4 to 5 μm. The shape of the curve in Fig. 8 is consistent with the gain shape as a function of input wavelength, as shown in Fig. 5 . The maximum slope efficiency is 45% at a This result shows that almost half of the input power at 2 μm can be converted to power at 4.5 μm when the input power is 1-2 W or higher. The efficiency of mid-IR generation using a fiber amplifier is thus higher than what can be obtained with direct supercontinuum generation with a pump at 2.0 μm, since 25% of the pump power can be transferred into the spectral range between 3 and 5 μm [30] .
In summary, we show that maximum gains of 16 dB and 25 dB can be obtained using Pr 3 -doped chalcogenide fiber amplifiers at an input signal wavelength of 4.5 μm with input signal powers of 100 mW and 10 mW, respectively. The amplifier gain is more than 10 dB in a broad spectrum of 300 nm between 4.25 and 4.55 μm when the input signal power is 100 mW. High gain and low noise can be achieved simultaneously using the cascaded gain in three-level Pr 3 -doped fiber amplifiers. The slope efficiency is 45%, and the pump threshold is only 10 mW, so that almost half the pump power at 2 μm can be shifted to mid-IR light at 4.5 μm if pump lasers that produce 1-2 W or higher are used.
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